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Abstract- -Us ing a variant of the Vandermonde convolution, a recurrence r lation is derived for 
arithmetic progression sums of binomial coefficients. The classical roots of unity identity by Ramus 
is derived and interpreted in terms of the characteristic polynomial. 
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Multisection sums of binomial coefficients, especially arithmetic progressions, arise in various 
areas including combinatorics, applied probability, and the analysis of algorithms (see [1; 2, p. 70; 
3, p. 126; 4, Section 4.3]). Some examples include 
1( ) 
2k ' 3k = 3 2m +2c°smTr 
k k 3 ' 
~ 5k+1 =5 (2re+A) '  
where A is +1 or 4-2 times a Lucas number. 
The general arithmetic progression sum of binomial coefficients has the form 
E(  m ) where 0 ~ q < n. S(m,n ,q )  = nk + q ' 
k 
In 1834, Ramus proved the identity 
= - w-q* (1 + ~k)m = 1 2cos  cos 
k nk  + q n k=l n k=~ 
where w is the primitive n th root of unity e (2~0/n = cos(21r/n) + i sin(2r/n). Ramus' identity 
expresses a combinatorial sum of integers in terms of a trigonometric sum. Can the trigono- 
metric sum be replaced by an integer sum? Hoggatt and Alexanderson [5] thoroughly studied 
the cases n = 3, 5, 6, and 8, and found representations in terms of simple expressions involving 
linear recurrence relations uch as the Fibonacci recurrence. However, for larger n, they obtained 
increasingly complicated recurrence relations. Clark [1] showed that these linear recurrence re- 
lations are related to the coefficients of the Chebyshev polynomials of the second kind. In this 
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note, we will apply a variant of the Vandermonde convolution to give an elementary derivation 
of a linear recurrence relation with integer coefficients for S(m, n, q). Also, Ramus' identity will 
be derived from the associated characteristic polynomial and an application of finite Fourier se- 
ries. See [5] for Ramus' method of determining S(m,n,q). Other related references include [6; 
7, Identity 1.53; 8, pp. 50-52]. 
We will need the following variant of the Vandermonde convolution (see [4, p. 8]): 
THEOREM. Let n and q be fixed nonnegative integers with 0 <_ q < n. Then, S(m, n, q) satisfies 
the linear homogeneous recurrence relation (for m >_ n): 
n-1 
am=E( -1) J - l (~)am- j+( l+( -1 )n -1)am-n ,  
j=l 
with initial conditions am = (q) for 0 <_ m < n - 1. 
PROOF. If m < n, then S(m,n,q) reduces to the single term (q) when k = 0. Substitute 
S(m, n, q) into the recurrence relation and apply the variant of Vandermonde's convolution to 
obtain 
n-1 
(~ ' ) ( -  J )  ÷ (1 ÷ ( -1)n- l )  ~(  ) am = E E ( - l ) j -1  m m-n ~ 
nk + q nk 4- q k j= l  
n m- j  m-n  
=-EE( -1 ) J (3 ) (nk+q)+~(nkTq)  
k j=l  
= -- ~k [ (n(km-1)n+q) - (nkm+q) - (nmk+q) ] 
=E(  m )=S(m,n ,q ) .  
k nk+q 
Next, we will use the characteristic polynomial of the recurrence relation am to derive Ramus' 
identity. The coefficients of the recurrence relation are reminiscent of the binomial theorem. 
Thus, the characteristic polynomial f(x) is 
f(x) = E( - -1 )  j x n-j -- 1 = (x -  1) n -- 1. 
j=O 
The characteristic roots are distinct and of the form (1 + w ~) for 1 _< j <_ n, where w is the 
pr imi t ive  n th root of unity e (2~ri)/n. Consequently, for some constants cj, we have 
n 
am = S(m,n,q)= Ec j  (1 +wJ) m. 
j= l  
To find the coefficients cj, we use the initial conditions and solve a system of n linear equations 
in n unknowns: 
= cj (1 + wJ) m, 0 < m < n -  1. 
j=l 
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Expanding,  we have (q)  = )-~'~km__0 (~))-~j~=l cJ wjk" Invert ing and apply ing the binomial  orthogo- 
nal i ty relat ion (see [4, p. 44]), we obtain 
q - m cjw3m' 
j= l  
a finite Fourier transform. Invert ing by apply ing the inverse discrete Fourier transform 
1 0 w - jq  
Cj ~ -- ~ ~ , 
n m=0 q - m n 
for 1 < j_<n.  
Thus, Ramus '  ident i ty follows. 
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